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ABSTRACT 

A new method has been devised  t o  determine t h e  s p h e r i c a l  
harmonic c o e f f i c i e n t s  of t h e  l u n a r  g r a v i t y  f i e l d .  T h i s  method 
c o n s i s t s  of a two-step data r e d u c t i o n  and e s t i m a t i o n  process .  I n  
t h e  f i r s t  s t e p ,  a weighted l eas t - squa res  empi r i ca l  o r b i t  d e t e r -  
mina t ion  scheme is a p p l i e d  t o  Doppler t r a c k i n g  d a t a  from l u n a r  
o r b i t s  t o  estimate long-period Kepler e lements  and rates.  Each 
of t h e  Kepler e lements  is  rep resen ted  by an independent func t ion  
of t i m e .  The long-period pe r tu rb ing  e f f e c t s  of t h e  ear th ,  sun, 
and solar  r a d i a t i o n  are e x p l i c i t l y  modeled i n  t h i s  scheme. Kepler 
e lement  v a r i a t i o n s  estimated by t h i s  empi r i ca l  p rocesso r  are then  
a s c r i b e d  t o  t h e  non-central  l u n a r  g r a v i t a t i o n  f e a t u r e s .  Doppler 
data are reduced i n  t h i s  manner f o r  as many o r b i t s  a s  are available.  
I n  t h e  second s t e p ,  t h e  Kepler e l e m e n t  rates are used as i n p u t  
t o  a second l e a s t - s q u a r e s  processor  t h a t  estimates l u n a r  g r a v i t y  
c o e f f i c i e n t s  us ing  t h e  long-period Lagrange p e r t u r b a t i o n  equa t ions .  

Pseudo Doppler data have 'been genera ted  s imula t ing  t w o  
d i f f e r e n t  l u n a r  o r b i t s .  T h i s  a n a l y s i s  included the  p e r t u r b i n g  
effects of  t h e  L 1  l u n a r  g r a v i t y  f i e l d ,  the  ear th ,  t h e  sun,  and solar 
r a d i a t i o n  p res su re .  
d a t a  and long-period o rb i t a l  elements ob ta ined .  
rates f r o m  these s o l u t i o n s  were used t o  recover  L 1  l u n a r  g r a v i t y  
c o e f f i c i e n t s .  Overall  r e s u l t s  of t h i s  c o n t r o l l e d  experiment show 
t h a t  l u n a r  g r a v i t y  c o e f f i c i e n t s  can be a c c u r a t e l y  determined and 
that t h e  method i s  dynamically c o n s i s t e n t  wi th  long-period p e r t u r -  
b a t i o n  theory .  

O r b i t  de te rmina t ions  w e r e  performed on t h e s e  
The Kepler e l e m e n t  

SEE REVERSE SI DE FOR D I S T R  I BUT ION L I  ST 
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TECHNICAL MEMORANDUM 

INTRODUCTION 

The 
governed by a 
The principal 

long-period motion of a close lunar satellite is 
perturbed Newtonian gravitational law of attraction. 
perturbations arise from the non-central properties - . .  

of the lunar mass distribution and from the disturbing effects 
of the earth, the sun, and solar radiation pressure. These pertur- 
bations are small; their effects are at least one thousand times 
smaller than the inverse square attraction of the moon. 

For the case of satellite motion in a non-central gravity 
field, the long-period Kepler elements of the orbit become complex 
functions of time. One method of representing this motion is to 

This representation forms the basis of an empirical orbit deter- 
mination and selenodesy method. In this approach, gravitational 
effects are determined, hence the concept is not constrained to 
any assumed lunar gravity model. Since expressions for both 

the long-period variations in the orbital elements can he adjusted 
to remove these effects. The resulting orbital element variations 
can therefore be ascribed to non-central lunar gravity features. 

model each of the Kepler elements as independent time functions (1) . 

third body and solar radiation perturbations are well known ( 2 1 3 )  
I 

Spherical harmonic coefficients in the lunar gravity 
field are determined using a two-step data reduction and estima- 
tion process. In the first step, a weighted least-squares orbit 
determination processor is applied to Doppler tracking data from 
lunar orbits to estimate long-period Kepler elements and rates. 
In the second step, the Repler  element r a t e s  are used as input 
to a second weighted least-squares processor that estimates lunar 
gravity coefficients using the long-period Lagrange perturbation 
equations. 
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4 

T h i s  paper  p r e s e n t s  t h e  theo ry  and equa t ions  which 
c o n s t i t u t e  t h i s  method. An example i s  g iven ,  us ing  pseudo 
Doppler d a t a ,  t o  show t h e  e f f e c t i v e n e s s  of t h e  method t o  d e t e r -  
mine l u n a r  g r a v i t y  c o e f f i c i e n t s .  

MATHEMATICAL THEORY 

The dynamical s t a t e  of a s a t e l l i t e  i n  l u n a r  o r b i t ,  
r e f e renced  t o  moon-centered i n e r t i a l  c o o r d i n a t e s ,  i s  uniquely 
s p e c i f i e d  by t h e  s ix -vec to r  of Kepler e lements;  

5; =q i 52 

L. 
The equa t ions  of motion are t h e  s i x  f i r s t  o rde r ,non- l inea r ,  
long-period Lagrange p e r t u r b a t i o n  equa t ions ,  

de - 1 rm ad1 

dw - 
dt- na 1-e 

=,/ $ , LI i s  t h e  l u n a r  g r a v i t y  where t h e  mean motion n 

c o n s t a n t  and R ' i s  t h e  d i s t u r b i n g  func t ion  a r i s i n g  from 
p e r t u r b a t i o n s  averaged over  t h e  mean anomaly. 

4 a 

( 3 )  
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d 

The disturbing function assumed has components 
arising from the non-central part of lunar gravity, RIQ, earth 
and sun perturbations, RL and RL, and solar radiation pressure, 
Rsr. Hence, 

R' = R' + RL + R; + Rkr t 
In vector notation the long-period perturbation equations 
have the following functional form: 

dE - F(E',t) dt- ( 9 )  

I 

where K is the five vector of Kepler elements excluding the 
mean anomaly. 
equations, the disturbing function must be specified. 

lunar gravity features has been derived by Kaula ( 4 )  and is 
given as follows: 

In order to carry out a solution for these 

The long-period disturbing function for non-central 

where : 
h 

(2-1 Re is the mean lunar radius, h is the integer part of 
and 

a-m-2t I (2a-2t)! sin 
F (1) = 1 (2a-2t) amp t t! (a-t) ! (k-m-2t) ! 2 

(I) COSSI ; m-s ) (-l)C-k 
s=o p-t-c 

where t is summed to the lesser of p or h, and c is summed 
over all values which make tne binomial coefficients mnzero. 
The function G (e) is: 

aPq 
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pi-1 ( 2-1 ) (2d+;-2p)11 2d+R-2p1 

d=o 2d+R-2p1 
(13) 

1 

(1-e 1 
R-1/2 G (e) = 

RPq 2 

where q = 2p - R and . 

5 

P' = P for p 5 ~ / 2 .  

p' = a-p for p R/2 

is 
RmPq 

Finally the function S 

R-m even 
cos[(a-2p)~ + m(n-e)l 

R-m odd 

S 
RmPq 

R-m even 

sin[(~-2p)w + m(n-e)l 
R-m odd 

where e is the angular displacement between the moon-fixed 
(selenographic) axis system and the inertial system. The 
parameters {CRm, Sam 1 are the set of lunar harmonic coefficients 
which characterize the non-central parts of the gravity field. 

The averaging with respect to the mean anomaly of the 
third body disturbing function has been performed by Lorell and 
Liu") and has the following form: 

where : 

2 3B2 I 2 1  2 
Fi = (g) ;[-(I + e2) + 3A2(2e + T )  + -(l-e ) 

1 Fi = ($4 A .[,(I + :e2) - 5A 2 2  (e + T )  3 - - 15B2 4 (1-e2)J 
3 
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_ -  - -  
and A = u-P, B = u*Q. E is the unit vector in the direction 
of the third body, P is a unit vector to perifocus and 5 is 
a unit vector in the orbit plane orthogonal to (see Figure I). 

- 

The disturbing function for solar radiation pressure 
has been calculated by Fisher (6) and is given as follows: 

r 27T 

dM 1 
Rsr 

= - 1  R1sr 27r 
J O  

where 
- -  

= F r*u Rs r 0 

and Ea is a unit vector in the direction of the sun and F is 
the magnitude of solar acceleration: 

Here 2 is the satellite effective cross-sectional area, m is 
the mass, S is the solar constant, ro the distance to the sun, 
a is the reflection coefficient, and cR is the speed of light. 
The solar radiation pressure only acts on the satellite when it 
is in sunlight. A test to determine the visibility of the sun 
is (see Figure 2): 

0 

I Y I  L I B I  Solar radiation perturbations 
are zero 

where : 

Solar radiation perturbations 
are present. 

I Y I  ' Id 

rr' 

an d 
- - 

- 1  r = r  - r  
0 



. 
~ 
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The g e n e r a l  form of the p e r t u r b a t i o n  equa t ions  
f o r  a l u n a r  s a t e l l i t e  under t h e  i n f l u e n c e  of non-cent ra l  l u n a r  
g r a v i t y ,  e a r t h ,  sun ,  and solar r a d i a t i o n  e f f e c t s  i s  a s  follows: 

+ 
de 

d e -  Il,m+ 
dt- R,m d t  dt 

where t h e  sum over R and m r e p r e s e n t s  
f i e l d  of deqree R and o rde r  m f o r  t h e  

0 desr de 

dt d t  + -  

d I  - a + -  dlsr 
d t  d t  

dQ@ dnsr 
dt +dt 

dWsr + -  dU@ 
dt d t  

0 msr dM 
d t  d t  - + -  

an a r b i t r a r y  
moon. These 

g r a v i t y  
long-period 

equa t ions  f o r m  the  a n a l y t i c a l  basis  f o r  t h e  development of the 
e m p i r i c a l  o r b i t  de te rmina t ion  method. 

The long-period t i m e  dependence induced i n  each of  t h e  

S ince  

Kepler  e lements  by t h e  non-cent ra l  g r a v i t y  p e r t u r b a t i o n s  has  
been s p e c i f i e d  by- e q u a t i o n ( l 8 ) .  
l i n e a r ,  g e n e r a l  c losed  form s o l u t i o n s  a r e  n o t  o b t a i n a b l e .  
t h e  non-cent ra l  effects  are extremely s m a l l  compared t o  t h e  
c e n t r a l  body t e r m ,  s o l u t i o n s  can be approximated by a f i n i t e  series. 

Since t h e s e  equa t ions  are non- 

I f  an a n a l y t i c  quadra tu re  i s  performed on each pe r tu rba -  
t i o n  equa t ion ,  a se t  of i n t e g r a l  equat ions  r e s u l t s :  

The k e r n e l s ,  o r  d i s t u r b i n g  f u n c t i o n s ,  appear ing  i n  t h i s  equa t ion  
are non-separable ,  non-l inear  func t ions .  
t i o n s  a r i s i n g  from the  l u n a r  d i s t u r b i n g  func t ions  are cons idered ,  
these k e r n e l s  can be ca t egor i zed  i n t o  t w o  t ypes :  

I f  on ly  t h e  pe r tu rba -  
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1. F(Et,t) = f(E') autonomous 

I -  

t 

where at is the rotational rate of the moon about its spin axis 
(uh = .26617033 x 
the spherical harmonic terms of the lunar gravity field. This 
categorization does not apply when the standard Kepler elements 
become singular, for nearly circular, nearly equatorial orbits. 
However, a similar approximation can be made for a determinate 
orbital element set. 
to zonal perturbations and the second to tesseral and sectorial 
perturbations. If solutions to equation(l9) are sought which 
are valid over periods of time of about 24 hours, and if it is 
assumed that the magnitude of variation in Et over these periods 
is small, then F(E'), ?(E' ) ,  and h ( k ' )  can be considered 
constant. 

rad/sec) and m is the order index for 

The first or autonomous kernel corresponds 

- -  

Solutions to equations possessing autonomous kernels 
(zonal perturbations) have the following simple form: 

E(t) = E(t 1 + '?[E' (to)] (t-to) (22 1 
0 

These solutions have the linear properties of secular variations. 
Solutions for the non-autonomous kernels can be given as follows: 

- 
where Fl, C2, and c3 are vector constants and El (E' (to) 3 = E(to) - 
- c3 [E' (to) 1 

Since the moon rotates with a period of 27.32 days 
about its spin axis, the solutions given by equation (23) for 
long-periodic variations arising from tesseral and sectorial 
terms can be further simplified. If the time period over which 
equation (23) is valid (approximately 2 4  hours) is much smaller 
than the period of a spherical harmonic perturbing term, this 
solution can be expanded in a truncated Taylor series: 
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( t - t o ) 2  + . . . . . I  
2 + C$E’ (to)] 11 - 

or 
2 - 

U t )  - + hlt + b2t +...... - *o 

where h r e p r e s e n t  v e c t o r  cons t an t s .  
j 

Hence the  s o l u t i o n s , o r  f u n c t i o n a l  f o r m ,  f o r  t h e  Kepler 
e lements  which best r ep resen t  s e c u l a r  and long-period e f f e c t s  
are t hose  given by equa t ions (22)  and ( 2 4 ) .  Two t y p i c a l  Icepler 
elements, il (t) and e (t), can be r ep resen ted  as follows: 

Q(t) = n + n l t  ( s e c u l a r  v a r i a t i o n )  

e ( t )  = eo + e t + e2 t2  

0 

(long-period v a r i a t i o n s )  1 

T h e  terms Roo‘ Q1, eo, el, e2 are  Keplerian c o n s t a n t s  determined 
by f i t t i n g  t r a c k i n g  d a t a .  

The  six-dimensional t i m e  series used t o  r e p r e s e n t  t h e  
Kepler ian  motion of  a l u n a r  s a t e l l i t e  i s :  

a ( t )  = a ( c o n s t a n t )  

2 e ( t )  = e + e t + e 2 t  + &ee + 6 e o  + d e s r  0 1 

. 1 2 
I ( t )  = Io + Ilt + 12t + 6I* + 6 1 0  + &Isr 

n ( t )  = Q0 + nlt t R 2 t  + 6 i l @  + 6n, + 6 R s ,  
2 

I w ( t )  = w + w t + w 2 t 2  + 6 w  + 6 w o  + 6 W s r  
0 1 Q 

2 
M ( t )  = Mo + M 1 t + M 2 t  
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I .  

The  o r b i t a l  e l emen t  v a r i a t i o n s  6E' are found by numerical  i n t e -  
g r a t i o n s .  The t h i r d  body and s o l a r  r a d i a t i o n  p r e s s u r e  pe r tu rba -  
t i o n s  used a r e  those  presented  e a r l i e r .  No e x p l i c i t  t h i r d  body 
and r a d i a t i o n  p r e s s u r e  p e r t u r b a t i o n s  a r e  modeled f o r  t h e  mean 
anomaly. Hence t h e  t i m e  series inc ludes  t h e  p e r t u r b a t i o n s  of 
the moon, e a r t h ,  sun ,  and s o l a r  r a d i a t i o n .  T h e  reasons  f o r  t h i s  
r e p r e s e n t a t i o n  a r e  a s soc ia t ed  wi th  t h e  semi-major a x i s  determina- 
t i o n  and a r e  d i scussed  later i n  t h i s  paper .  

Quadratic terms a r e  used i n  t h e  t i m e  series s i n c e  
f o r  t i m e  p e r i o d s  of about  24  hours  these w i l l  adequate ly  
r e p r e s e n t  lonq-period p e r t u r b a t i o n s  of up t o  o r d e r  seven (m = 7 ) .  

DOPPLER DATA REDUCTION 

The Doppler obse rva t ion  (6) is  a s c a l a r  q u a n t i t y  t h a t  
i s  a non- l inear  func t ion  of t h e  s a t e l l i t e  s t a t e ,  E, t h e  r e l a t i v e  
earth-moon conf igura t ion ,and  t h e  ear th-based  t r a c k i n g  s t a t i o n  
p o s i t i o n  and r o t a t i o n a l  v e l o c i t y .  During t h e  o r b i t  de t e rmina t ion  
only  t h e  e s t i m a t e s  of t h e  s a t e l l i t e  s t a t e  a r e  r e f i n e d .  The - 

( 7 )  t r a c k i n g  d a t a  bobs  a r e  r e l a t e d  t o  t h e  s a t e l l i t e  s ta te  as fo l lows  

+ r l  

w h e r e  is  t h e  random noise  a s s o c i a t e d  w i t h  t h e  p h y s i c a l  measure- 
men t s .  The measurement errors are assumed t o  have t h e  fo l lowing  
p r o p e r t i e s :  

E [ n l  = 0 

where E i s  the expec ta t ion  o p e r a t o r  and cr2 is t h e  va r i ance  of 
t h e  Doppler no i se .  

Kepler  s ta te ,  equa t ion (26)  must be l i n e a r i z e d  about  a r e f e r e n c e  
s t a t e ,  E* (t) .  Hence: 

Since the Doppler is  a non- l inear  f u n c t i o n  of t h e  
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Using a s i m i l a r  procedure,  a l i n e a r  
r e l a t i n g  the Kepler s t a t e  E and t h e  

I -  

r a -  
r e l a t i o n s h i p  i s  ob ta ined  
Kepler ian parameter v e c t o r  

S ince  the Kepler ian parameters are c o n s t a n t  over  the  t r a j e c t o r y ,  
an expansion of can  be performed about  a r e f e r e n c e  set K* a t  
some t i m e  t 

0' 

The l i n e a r i z e d  Doppler equa t ion (28)  can now be expressed i n  
t e r m s  of t h e  Kepler ian s o l u t i o n  parameters .  

For a ba t ch  of  r Doppler measurements equa t ion (31)  can be gen- 
e r a l i z e d  as fo l lows:  

where: 

is the !r x 1) obse rva t ion  r e s i d u a l  
v e c t o r  
is  t h e  l i n e a r i z e d  set  of func t ions  
r e l a t i n g  t h e  obse rva t ion  and t h e  
Kepler ian parameters  ( r  K n )  



- 
AK 

- 
n 

- 
S 

t 
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is the column vector of Keplerian 
parameter deviations (n x 1) 
is an (r x 1) vector of observation 
noise 
is an (r x 1) vector of short-periodic 
errors. 

Since the Keplerian parameters only represent the long-periodic 
dynamics of the orbit, at any point in time there will always be 
a systematic residual (5) associated with the unmodeled short- 
periodic satellite variations. 

The next step is to choose an estimation scheme which 
minimizes the observational error and yields a best estimate for 
the Keplerian parameters. The weighted least-squares estimator 
was chosen to perform the data reduction. The error function, 
E ,  for r observations is given as follows: 

or 

where W is assumed to be a (r x r) diagonal matrix. For a 
minimum the first variation of the error function must vanish. 
Transposing and solving, 

A i  = [HTWH]-l HTW Ab ( 3 4 )  

Since this minimization was obtained by linearizing a set of non- 
linear equations, the estimation is performed iteratively. 

SEMI-MAJOR AXIS DETERMINATION 

Studies ( * )  have shown that the least-squares process has 
convergence problems when the semi-major axis is included as an 
independent parameter. Since the mean motion of the orbit, even 
in the presence of perturbations, is nearly inversely proportional 
to the semi-major axis raised to the three halves power, the esti- 
mated mean motion can be used to imply a semi-major axis. The 
constraint equation between the mean motion and the semi-major 
axis must include the long-period effects of the earth, sun, solar  
radiation and some representation for the lunar field. 
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. 

The average va lue  of t h e  semi-major a x i s  (a ) w i t h  
0 

r e s p e c t  t o  the  mean anomaly i s  found a s  fo l lows:  

A A ,. 
fi = M1 + 2 M 2 t  

and 

+ I4 + Bsr A = / % +  r m  fi rm + A e  0 
'L a. 

(35) 

A A 

where M and M2 a r e  t h e  e s t ima ted  Kepler ian parameters .  S ince  
t h i s  is a non- l inear  equat ion  i n  a it i s  so lved  us ing  Newton's 
Method. 

1 
0' 

For t h e  case  of zonal p e r t u r b a t i o n s  on a n  earth s a t e l l i t e ,  
Kozai (') has  shown t h a t  a mean va lue  of t h e  semi-major a x i s  a 
y i e l d s  t h e  average sa te l l i t e  p o s i t i o n  i n  t h e  o r b i t .  T h i s  va lue  
i s  de r ived  such t h a t  t h e  d e v i a t i o n s  i n  t h e  p o s i t i o n  of t h e  o r b i t  
due t o  p e r t u r b a t i o n s  averaged over  t h e  o r b i t  y i e l d  only s h o r t -  
p e r i o d  v a r i a t i o n s .  

and b5 and d g  long-period - r  are c o n s t a n t s .  

Hence t h e  va lue  a y i e l d s  t h e  proper  mean p o s i t i o n  over  t h e  o r b i t .  
Kozai has  shown t h a t  a mean value c o r r e c t i o n  i n  t h e  semi-major a x i s  
i s  only r e q u i r e d  f o r  even degree z o n a l s ( l O ) a n d  none f o r  tesseral 
and s e c t o r i a l  terms (ll). Analysis  has  shown t h a t  mean va lue  
c o r r e c t i o n s  f o r  t h e  sun and s o l a r  r a d i a t i o n  p e r t u r b a t i o n s  a r e  on 
t h e  o r d e r  of one f o o t ;  hence no f a c t o r  i s  inc luded  f o r  these 
terms. A mean va lue  c o r r e c t i o n  f o r  earth p e r t u r b a t i o n s  i s  inc luded .  
The r e l a t i o n s h i p  between t h e  average va lue  a. and t h e  mean va lue  
- 
a f o r  t h e  C20 and e a r t h  p e r t u r b a t i o n s  a r e  presented  a s  examples. 

3 ( R e ) 2  (1-3/2 s i n  
2 3/2 

- 
a = a [l + T C 2 0  a 

(1-e 1 0 
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I -  
~ 

c 

. 

For the e a r t h  2 

a = a [l + (2) (1-3/2 s i n  
- 

0 

The g e n e r a l  procedure f o r  implying a mean va lue  s e m i -  
major a x i s  has t w o  s t e p s .  F i r s t ,  t h e  average va lue  a i s  
determined once p e r  i t e r a t i o n  us ing  equa t ion  (35) .  Then, t h e  
mean va lue  a i s  c a l c u l a t e d  a s  fo l lows:  

0 

f o r  only even va lues  of  R. The E terms are t h e  mean va lue  
c o r r e c t i o n s .  

The q u a n t i t y  a i s  in t roduced  t o  make long-period 
p e r t u r b a t i o n  theo ry  r e p r e s e n t  t he  average sa te l l i t e  o r b i t .  Since 
t h i s  v a r i a b l e  i s  introduced t o  i n s u r e  c o m p a t i b i l i t y  between t h e  
long-period and a s s o c i a t e d  r e c t a n g u l a r  equa t ions  of motion, it 
i s  only used f o r  Doppler d a t a  reduct ion .  

A f t e r  convergence i s  reached,  t h e  mean anomaly ra te  
fi i s  a d j u s t e d  t o  remove the  e a r t h ,  sun ,  and solar  r a d i a t i o n  
effects and eva lua ted  a t  the  mid-point of  the d a t a  span. 

H e r e  fi 
The average semi-major a x i s  v a l u e ,  
found by so lv ing :  

is  t h e  mean anomaly ra te  a r i s i n g  only  from l u n a r  g r a v i t y .  
for the l u n a r  g r a v i t y  is 

a 

(38) 

I t  i s  t h i s  va lue  of the  semi-major a x i s  t h a t  completes the K 
parameter  se t  and i s  used fo r  g r a v i t y  f i e l d  de te rmina t ion .  
One such va lue  of a i s  found f o r  each s o l u t i o n .  6 

During t h e  de te rmina t ion  of t h e  semi-major a x i s  it 
is  necessary  t o  s p e c i f y  some model for  t h e  l u n a r  g r a v i t y  f i e l d  
i n  the c o n s t r a i n t  equat ions.  Analysis  has  shown t h a t  the e n t i r e  
se lenodesy  p rocess  can be performed wi thout  any a p r i o r i  l u n a r  
f i e l d  i f  it i s  done i t e r a t i v e l y .  
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SOLUTION PARAMETERS 

The ou tpu t  f r o m  process ing  a ba t ch  of Doppler measure- 
ments i s  a best e s t i m a t e  f o r  a set  of  Kepler ian parameters ,  
K. Since t h e  t h i r d  body and s o l a r  r a d i a t i o n  p e r t u r b a t i o n s  are 
modeled s e p a r a t e l y  i n  t h e  process  and t h e  mean anomaly para-  
m e t e r  i s  a d j u s t e d  f o r  these e f f e c t s ,  t h e  Kepler ian parameters  
r e p r e s e n t  t h e  v a r i a t i o n  i n  t h e  Kepler elements due only  t o  t h e  
non-cent ra l  p a r t  of l u n a r  g r a v i t y .  These s o l u t i o n  parameters  
g i v e  a s imultaneous t i m e  h i s t o r y  of t h e  Kepler e lements  and 
element rates v a l i d  over  t h e  Doppler d a t a  span. A d e t a i l e d  block 
diagram of t h e  o r b i t  de te rmina t ion  process  i s  shown i n  F igure  3 .  

A - 

The t i m e  h i s t o r i e s  of t h e  Kepler e lements  and r a t e s  
are used as i n p u t  t o  a second p rocesso r  which f i t s  l u n a r  g r a v i t y  
harmonics t o  t h e  Kepler element rates.  Since the s o l u t i o n  para-  
m e t e r s  p rovide  cont inuous t i m e  f unc t ions  f o r  t h e  o r b i t a l  e lements  
and r a t e s  they  can be sampled a t  any d e s i r e d  frequency. The 
long-period l u n a r  g r a v i t y  e f f e c t s  have pe r iods  which a r e  much 
g r e a t e r  than  a t y p i c a l  l u n a r  o r b i t e r  p e r i o d ,  hence t h e r e  w i l l  be 
no a l i a s i n g  of g r a v i t y  informat ion  i f  samples are eva lua ted  once 
p e r  s a t e l l i t e  per iod .  The f i v e  Kepler e l e m e n t  r a t e s  used f o r  
g r a v i t y  e s t i m a t i o n  a r e :  

L -  

Since  t h e  semi-major a x i s  r a t e  is  zero i n  long-period t h e o r y ,  
it i s  n o t  used. 

The f i v e  o r b i t a l  element r a t e s  are s imul taneous ly  pro- 
c e s s e d  t o  o b t a i n  g r a v i t y  c o e f f i c i e n t s .  Since t h e  d a t a  s e t  con- 
s ists of f i v e  d i f f e r e n t  q u a n t i t i e s  (&, i ,  i, i ,  k),  a weight ing 
m a t r i x  i s  r e q u i r e d  t o  de f ine  t h e  r e l a t i v e  accuracy of  each of 
t h e  rates. 

I f  t h e  o r b i t  de te rmina t ion  p rocesso r  could  model t h e  
Doppler such t h a t  t h e  r e s i d u a l s  remaining a f t e r  convergence w e r e  

normally d i s t r i b u t e d  random errors ,  t h e  [HTWH] -' m a t r i x  i n  

e q u a t i o n ( 3 4 )  would be t h e  covariance ma t r ix  of  t h e  K s o l u t i o n .  
S ince  only  long-period s a t e l l i t e  dynamics are r ep resen ted  i n  t h e  

A 
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' .  

I -  

. 

T process  I t h e  [H WHI-' matr ix  is  n o t  t h e  covar iance  m a t r i x  of  t h e  
process  ( I2) .  ma t r ix  do r e f l e c t  
s e n s i t i v i t y  and c o r r e l a t i o n s  among t h e  s o l u t i o n  parameters ,  hence 
it i s  assumed f o r  weight ing purposes t h a t  t h e s e  t e r m s  c a n  be 
regarded as va r i ances  and covar iances  i n  t h e  convent iona l  manner. 

T -1 However t h e  terms i n  t h e  [H FJH] 

The weight ing m a t r i x  f o r  t h e  o r b i t a l  element ra tes ,  A ,  
i s  a ( 5 x 5 )  m a t r i x  having t h e  fol lowing form (13). 

'12 '13 '14 

I 

2 
5 ;  . . . .  

n 
2 

UA * 
w 

. . . . . . . . . .  

'15 

. .  

. .  

. . ,  

U 2 :  
iiJ 

( 3 9 )  

where a i 2  are t h e  error va r i ances  among t h e  rates and T~~ 

are t h e  covar iances .  I t  is assumed t h a t  t h e  mean error of 
t h e  Kepler ian  parameters  is  zero. Each of  t h e  o r b i t a l  element 
rates has  t h e  fo l lowing  form: 

c A 
A 

L 

The v a r i a n c e  of t h e  e r r o r  i n  h i s  found as follows: 

2 -  
( 4 0  1 + 4 t  C O V ( & ^  E A  ) + 4 t  u; Ql n2 2 

or 

The covar iance  terms among t h e  rates Ce..g. C Q V ( E ~ E ~ ) )  a r e  f o r -  
mula ted  i n  a s i m i l a r  way: 
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* A  

COV(Ei E;) = C0V(E0 E" 1 + 2t[COV(E" E *  ) + cov(q E "  ) ]  
521 % *2 2 

t 4t2 COV(EA E "  ) 
R2 w2 

Hence each of the entries in the A matrix can be found 

from the appropriate slot in the [H T WH] -1 matrix. The weighting 
matrix is automatically obtained for each set of orbital element 
rates. 

HARMONIC COEFFICIENT ESTIMATION 

The lunar gravity field determination is performed in 
a second weighted least-squares processor which uses as input 
the Kepler element rates, the estimated Kepler elements, and a 
weighting matrix and outputs a set of spherical harmonic coef- 
ficients (see Figure 4). The long-period perturbation equations 
are of the form: 

where is the vector (nxl) of lunar gravity coefficients: 

Since the gravity parameters appear as linear functions in the 
perturbation equations, equation ( 4 3 )  can be expressed as 

i? = F(E') 6 (45) 

where F is a (5x11) matrix of partial derivatives of the element 
rates with respect to the gravity coefficients: 

a6 
aSRm 1 

$ 1  

.. a;? a;? 

. I  

. I  

I '  
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The l eas t - squa res  a lgor i thm f o r  t h e  g r a v i t y  c o e f f i c i e n t  
e s t i m a t i o n  i s  as fo l lows:  

(n  x 1) (n  x n)  ( n  x 1) 

where i s  t h e  b e s t  estimate of t h e  l u n a r  g r a v i t y  parameters .  
,. 

PSEUDO DATA SIMULATIONS 

I n  o r d e r  t o  demonstrate t h e  method, pseudo Doppler d a t a  
w e r e  genera ted  us ing  numerical ly  i n t e g r a t e d  source  t r a j e c t o r i e s  
and converged s o l u t i o n s  obta ined .  The e s t ima ted  Kepler ian para-  
meters from t w o  such t y p i c a l  convergences a r e  presented .  I n  both 
c a s e s  t h e  L 1  Lunar g r a v i t y  f i e l d  (I4) w a s  assumed (see below) 
and t h e  e a r t h ,  sun ,  and s o l a r  r a d i a t i o n  p e r t u r b a t i o n s  were a l s o  
inc luded .  NO n o i s e  o r  b i a s e s  w e r e  added t o  t h e  pseudo d a t a .  

L 1  Lunar Gravi ty  F i e l d  

- - 
- ‘20 

c22 - - 
‘30 - 
‘31 - 

- 
- 

c33 - 

- 2 . 0 7 1  x 

. 2 0 7  x 

- 2 1  x 

.34 x 

. 2 6  x 

The f i r s t  s imula t ion  w a s  genera ted  f o r  a Lunar O r b i t e r  
V o r b i t  ( p o l a r ) .  The Doppler d a t a  span c o n t a i n s  t r a c k i n g  from 
t h r e e  s t a t i o n s  (Goldstone, C a l i f o r n i a ,  Madrid, Spain,  and Woomera, 
A u s t r a l i a )  and is approximately 2 1  hours 30 minutes i n  d u r a t i o n .  
The epoch d a t a  and i n i t i a l  cond i t ions  f o r  t h i s  o r b i t  are: 

Epoch D a t e :  Aug. 9 ,  1967 7 hours  2 0  min. 

I n i t i a l  Conditions : (Selenographic)  

a = 8,324,332 f t .  e = . 2 7 6 1 8 9 8 4  
I = 84z764923 n = 70f2050009 
u = If8616071 M = 244f73644 
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The Doppler r e s i d u a l s  (Ai) a s s o c i a t e d  wi th  t h i s  convergence are 
shown i n  Figure 5. These r e s i d u a l s  a r e  sys t ema t i c  and have t h e  
g e n e r a l  form of t h e  unmodeled shor t -pe r iod  o r b i t a l  v a r i a t i o n s .  
The r e s i d u a l s  possess  a mean of . 0 2 2  f e e t  p e r  second ( f p s )  and a 
s t anda rd  d e v i a t i o n  of u = .ll f p s .  

I n  o r d e r  t o  determine t h e  q u a l i t y  of t h i s  converged 
s o l u t i o n ,  comparisons a r e  made between t h e  numer ica l ly  i n t e g r a t e d  
source  t r a j e c t o r y  and t h e  converged s o l u t i o n .  F igu res  6-8 show 
t h e  v a r i a t i o n s  i n  t h e  s i x  Kepler e lements  f o r  bo th  t h e  converged 
s o l u t i o n  and t h e  source  t r a j e c t o r y .  The v a r i a t i o n s  p re sen ted  
f o r  t h e  e c c e n t r i c i t y  (e) and t h e  t h r e e  Eu le r  ang le s  ( I , Q , w )  (see 
F igures  6 and 7 )  show t h e  ac tua l  v a r i a t i o n s  of t h e s e  elements  
p l o t t e d  on common axes. Since t h e  v a r i a t i o n s  i n  t h e  mean anomaly 
are very l a r g e  and t h e  semi-major a x i s  has a l a r g e  magnitude, t h e  
d i f f e r e n c e s  i n  t h e  converged s o l u t i o n  and t h e  source  t r a j e c t o r y  
va lues  are shown (see F i g u r e  8 ) .  A p l o t  of t h e  r e c t a n g u l a r  pos i -  
t i o n  d i f f e r e n c e  i s  shown i n  Figure 9 .  The 450 f t  b i a s  i n  p o s i t i o n  
d i f f e r e n c e  i s  r e l a t a b l e  t o  t h e  e r r o r  b i a s  i n  t h e  e s t ima ted  eccen- 
t r i c i t y  parameter  a t  epoch. The s l i g h t  s e c u l a r  e r r o r  i n  p o s i t i o n  
i s  a t t r i b u t a b l e  t o  s m a l l  e r r o r s  i n  t h e  mean anomaly and e c c e n t r i c i t y  
ra tes .  

The second d a t a  s imula t ion  w a s  gene ra t ed  f o r  a Lunar 
O r b i t e r  I11 (Apollo t y p e )  o r b i t .  This d a t a  span c o n t a i n s  t r a c k -  
i n g  d a t a  from t h e  same t h r e e  s t a t i o n s  and i s  approximately 1 0  
hours  i n  du ra t ion .  The epoch d a t e  and i n i t i a l  cond i t ions  f o r  
t h i s  o r b i t  a r e :  

Epoch Date: Aug. 3 0 ,  1 9 6 7  2 0  hours  55 min. 

I n i t i a l  Condi t ions:  (Selenographic)  

a = 6,457,093 f t .  e = .04348376 
I = 20f899211 Q = 63?970000 
w = 354?05800 M = 194f90793 

" 

The Doppler r e s i d u a l s  a s s o c i a t e d  wi th  t h i s  s o l u t i o n  are shown i n  
F igu re  1 0 .  These r e s i d u a l s  have a mean of - .018  f p s  and a s tand-  
ard d e v i a t i o n  of u = .15 fps .  

V a r i a t i o n s  i n  t h e  e c c e n t r i c i t y  and t h e  Euler  ang le s  of 
t h i s  o r b i t  are shown i n  F igures  11 and 1 2 .  S e m i - m a j o r  a x i s ,  mean 
anomaly; and p o s i t i o n  d i f f e r e n c e s  are shown i n  F igures  1 3  and 1 4 .  
A s  can be seen from Figure 11 t h e  i n c l i n a t i o n  parameter has a 
b i a s  error  a t  epoch and a s l i g h t  s l o p e  error. The p o s i t i o n  
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d i f f e r e n c e  has  a b i a s  of 400 f t .  which i s  a t t r i b u t a b l e  t o  
biases i n  estimates of t h e  e c c e n t r i c i t y  and semi-major a x i s  
parameters.  

The s l i g h t  b i a s e s  and t r e n d  e r r o r s  experienced i n  
both  t h e s e  s o l u t i o n s  are a r e f l e c t i o n  of n e a r l y  equa l  s e n s i t i -  
v i t i e s  among some Kepler ian parameters and t h e  a l i a s i n g  e f f e c t s  
of unmodeled shor t -per iod  o r b i t  v a r i a t i o n s .  
t h e s e  n e a r l y  equa l  s e n s i t i v i t i e s  among t h e  Kepler ian parameters  
l e a d s  t o  high c o r r e l a t i o n s  i n  t h e  [H WH] mat r ix .  These co r re -  
l a t i o n s  l e a d  t o  l i n e a r  combinations among t h e  s ta te  parameters  
be ing  es t imated .  

The presence of 

T -1 

GRAVITY FIELD DETERMINATION 

I n  o r d e r  t o  demonstrate t h e  c a p a b i l i t i e s  of t h i s  method, 
t h e  t w o  pseudo d a t a  s o l u t i o n s  p rev ious ly  p r e s e n t e d w e r e  used 
t o  determine t h e  L 1  l u n a r  g r a v i t y  f i e l d  assumed i n  t h e  source  
t r a j e c t o r y .  Since t h e  o r b i t a l  pe r iod  of t h e  O r b i t e r  V s a t e l l i t e  
i s  3.2 hours  and t h e  d a t a  span 2 1  hours ,  t h i s  converged s o l u t i o n  
c o n t r i b u t e s  seven sets of K e p l e r  element r a t e s  t o  t h e  harmonic 
es t imator .  The Orb i t e r  I11 s a t e l l i t e  has an o r b i t a l  pe r iod  of 
2 . 1  hours  and a d a t a  span of 1 0  h o u r s ;  consequent ly  t h i s  s o l u t i o n  
c o n t r i b u t e s  f i v e  sets of Kepler element r a t e s .  

The numerical  values  f o r  t h e  L1 l u n a r  g r a v i t y  f i e l d  a s  
determined from t h e  O r b i t e r  I11 and O r b i t e r  V convergences a r e  
t h e  fol lowing:  

* -4  = -2 .090  x 10 ‘20 

‘22 - 
* 

.213 

. N O  

.330 

- 
* 

- 
‘30 - 

‘31 - 
n - 
n 

- .270 IO-’ ‘33 - 

Since  t h i s  e n t i r e  process  i s  one of parameter i d e n t i f i c a t i o n  and 
t h e  A weight ing m a t r i x  used i s  not  t r u l y  t h e  covariance m a t r i x  
of t h e  Kepler e l e m e n t  ra tes ,  t h e  t e r m s  on t h e  d i agona l  of t h e  
[FTAF]-l m a t r i x  are n o t  t h e  va r i ances  of t h e  e s t ima ted  t e r m s .  
The normalized non-diagonal t e r m s  i n  t h e  [F AF] m a t r i x  do 
y i e l d  a measure of  c o r r e l a t i o n  between t h e  va r ious  p a i r s  of 
t e r m s  i n  t h e  s o l u t i o n  set. The c o r r e l a t i o n  ma t r ix  f o r  t h i s  
s o l u t i o n  i s :  

T -1 
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-.07 c20 

c22 

-.21 -.13 j .18 

.16 . 1 9  1 -.64 
1 

The r e l a t i v e l y  high c o r r e l a t i o n s  between both  t h e  C22, C33 and 

‘30’ ‘31 coeff ic ient  p a i r s  re f lec t  t h e  i n s e p a r a b i l i t y  of t h e s e  
g r a v i t y  e f f e c t s  i n  t h e  e s t ima to r .  Although d a t a  from sa t e l l i t e s  of 
both  h igh  (1=85O) and r e l a t i v e l y  low (I=2lo) i n c l i n a t i o n s  w e r e  used 
i n  t h i s  s o l u t i o n ,  t h e  presence of  t h e s e  c o r r e l a t i o n s  r e f l e c t s  t h e  
n e c e s s i t y  of a d d i t i o n a l  d a t a  from in t e rmed ia t e  o r b i t a l  i n c l i n a t i o n s .  

I n  o r d e r  t o  o b t a i n  a q u a n t i t a t i v e  measure of t h e  so lu-  
t i o n  given by equa t ion (48)  a comparison i s  made between it and 
t h e  nominal L 1  va lues  us ing  numerical ly  i n t e g r a t e d  equa t ions  of 
motion. The comparisons, covering a one day p e r i o d ,  ( s t a r t i n g  
a t  t h e  same epoch and s ta te  v e c t o r )  are made f o r  bo th  t h e  Lunar 
O r b i t e r  I11 and V o r b i t s .  Di f fe rences  i n  p o s i t i o n  and v e l o c i t y  
magnitudes and i n  each of t h e  Kepler elements f o r  each of t h e s e  
o r b i t s  are shown i n  F igures  15-22. The p o s i t i o n  d e v i a t i o n s  devel-  
oped over  the Lunar O r b i t e r  V t r a j e c t o r y  a t t a i n  a maximum va lue  
of 1 2 0  ft .  The v e l o c i t y  e r r o r s  have a peak va lue  of .08 f p s .  
For t h e  case of t h e  Lunar O r b i t e r  I11 t r a j e c t o r y  t h e  p o s i t i o n  
error a t t a i n s  a peak va lue  of 150 f t .  and t h e  v e l o c i t y  .12 fps .  

‘31 

SUMMARY AND CONCLUSIONS 

-.06 

This a n a l y s i s  h a s  presented  an empi r i ca l  method f o r  
de te rmining  t h e  s p h e r i c a l  harmonic c o e f f i c i e n t s  of t h e  luna r  
g r a v i t y  f i e l d .  Long-period Kepler e l e m e n t s  a r e  determined 
us ing  a weighted l eas t - squa res  empi r i ca l  o r b i t  de te rmina t ion  
p rocess .  Each of t h e  Kepler e l e m e n t s  i s  r ep resen ted  by an inde- 
pendent  t i m e  func t ion .  The long-period p e r t u r b i n g  e f f e c t s  of 
t h e  e a r t h ,  sun ,  and s o l a r  r a d i a t i o n  a r e  modeled e x p l i c i t l y  i n  
t h i s  process .  The l u n a r  g r a v i t y  c o e f f i c i e n t s  are determined 
u s i n g  ano the r  weighted l eas t - squa res  processor  which f i t s  t h e  
Lagrange p e r t u r b a t i o n  equat ions  t o  t h e  es t imated  Kepler r a t e s .  

PSFJ.~O Doppler da t a  have been genera ted  s imula t ing  
t w o  d i f f e r e n t  l u n a r  t r a j e c t o r i e s .  The p e r t u r b a t i o n s  included 
w e r e  t h e  L 1  l u n a r  g r a v i t y  f i e l d ,  t h e  e a r t h ,  sun ,  and s o l a r  
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radiation pressure. Orbit determinations were performed using 
the empirical processor and long-period orbital element varia- 
tions obtained. The Kepler element rates from these convergences 
were used to recover the L1 gravity field. The overall results 
of this controlled experiment show that lunar gravity coefficient? 
can be determined accurately using this method and that it is 
dynamically consistent with long-period perturbation theory. 

2014-AJF-hat A. ff,/ Ferrari 
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